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It is well known that short-range nucleon-nucleon correlations (SRC) due to the tensor compo-
nents and/or the repulsive core of nuclear forces lead to a high (low) momentum tail (depletion)
in the single-nucleon momentum distribution above (below) the nucleon Fermi surface in cold nu-
cleonic matter. Significant progress has been made recently in constraining the isospin-dependent
parameters characterizing the SRC-modified single-nucleon momentum distribution in neutron-rich
nucleonic matter using both experimental data and microscopic model calculations. Using the
constrained single-nucleon momentum distribution in a nonlinear relativistic mean field (RMF)
model, we study the equation of state (EOS) of asymmetric nucleonic matter (ANM), especially
the density dependence of nuclear symmetry energy Esym(ρ). Firstly, as a test of the model, the
average nucleon kinetic energy extracted recently from electron-nucleus scattering experiments using
a neutron-proton dominance model is well reproduced by the RMF model incorporating effects of
the SRC-induced high momentum nucleons, while it is significantly under predicted by the RMF
model using a step function for the single-nucleon momentum distribution as in free Fermi gas
(FFG) models. Secondly, consistent with earlier findings within non-relativistic models, the kinetic
symmetry energy of quasi-nucleons is found to be Ekinsym(ρ0) = −16.94 ± 13.66MeV which is dra-
matically different from the prediction of Ekinsym(ρ0) ≈ 12.5 MeV by FFG models at nuclear matter
saturation density ρ0 = 0.16 fm
−3. Thirdly, comparing the RMF calculations with and without
the high momentum nucleons using two sets of model parameters both reproducing identically all
empirically constraints on the EOS of symmetric nuclear matter (SNM) and the symmetry energy of
ANM at ρ0, the SRC-modified single-nucleon momentum distribution is found to make the Esym(ρ)
more concave around ρ0 by softening it significantly at both sub-saturation and supra-saturation
densities, leading to an isospin-dependent incompressibility of ANM in better agreement with exist-
ing experimental data. Fourthly, the maximum mass of neutron stars is enhanced by the increased
kinetic pressure from high-momentum nucleons at supra-saturation densities in SNM.
PACS numbers: 21.65.Ef, 24.10.Ht, 21.65.Cd
I. INTRODUCTION
The density dependence of nuclear symmetry Esym(ρ)
is currently the most uncertain part of the equation
of state (EOS) of isospin asymmetric nucleonic matter
(ANM) especially at supra-saturation densities [1]. Ow-
ing to its importance in both nuclear physics [2–9] and
astrophysics [10–13], much efforts have been devoted in
recent years to constraining the Esym(ρ) using data from
both terrestrial experiments and astrophysical observa-
tions [1]. While significant progress has been made in
experimentally constraining the Esym(ρ) around the sat-
uration density ρ0, much more work is needed to better
constrain the Esym(ρ) at both sub-saturation and supra-
saturation densities. On the other hand, essentially all
existing nuclear interactions have been used in various
many-body theories to calculate the Esym(ρ). While all
models are tuned to be consistent with available con-
strains on the Esym(ρ) around ρ0, their predictions di-
verge broadly at supra-saturation densities. For uni-
form nucleonic matter, extensive studies have been un-
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derway by various groups to understand why the Esym(ρ)
is so uncertain especially at high densities and how one
can better constrain it. The spin-isospin dependence of
three-body forces and the isospin dependence of short-
range nucleon-nucleon correlations (SRC) induced by the
poorly known nuclear tensor forces and the repulsive core
have been identified in several studies to be among the
main causes of the uncertainties in the Esym(ρ) at supra-
saturation densities, see, e.g., refs. [14–17]. While at very
low densities where cluster formation and pairing become
important, the Esym(ρ) behaves rather differently from
expectations based on mean-field models [18–20]. More-
over, for clustered matter where correlations dominate
and the Coulomb force is important, there is no neutron-
proton exchange symmetry, it is even a question whether
it is necessary and how to introduce the symmetry energy
in describing the EOS of clustered matter.
How to relate isovector interactions with experimen-
tal observables sensitive to the Esym(ρ) has been a long-
standing question [1]. A thorough understanding about
the origins and properties of each part of the Esym(ρ)
is useful for making further progress in this field. Usu-
ally, the symmetry energy Esym(ρ) can be decomposed
into a kinetic and a potential part, i.e., Esym(ρ) =
Ekinsym(ρ)+E
pot
sym(ρ). We emphasize that such a decompo-
sition should be understood as for quasi-nucleons of cer-
2tain effective masses and momentum distributions which
are both determined by nuclear interactions. Namely,
the kinetic symmetry energy of quasi-nucleons also de-
pends on the interaction. However, in many analyses of
data especially using phenomenological models one often
assumes that the kinetic symmetry energy is that pre-
dicted by the free Fermi gas (FFG) model for nucleons
with bare masses and step functions for their momentum
distributions. The potential part is often parameterized
with its parameters extracted from fitting the data within
adopted models for describing the physics in question.
It is well known that short-range nucleon-nucleon cor-
relations due to the tensor components and/or the re-
pulsive core of nuclear forces lead to a high (low) mo-
mentum tail (depletion) in the single-nucleon momen-
tum distribution above (below) the nucleon Fermi sur-
face in cold nucleonic matter, see, e.g., refs. [21–24]
for comprehensive reviews. In recent years, significant
efforts have been made, e.g., refs. [25–30], to con-
strain the isospin-dependent parameters characterizing
the SRC-modified single-nucleon momentum distribution
in neutron-rich nucleonic matter using both experimental
data and microscopic model calculations. For instance, it
has been found from analyzing electron-nucleus scatter-
ing data that the percentage of nucleons in the high mo-
mentum tail (HMT) above the Fermi surface is as high
as about 25% in symmetric nuclear matter (SNM) but
decreases gradually to about only 1% in pure neutron
matter (PNM) [27, 28]. Thus, the SRC-modified quasi-
nucleon momentum distribution is significantly different
from the step function for the FFG at zero temperature.
Because of the momentum-squared weighting in calculat-
ing the average nucleon kinetic energy, the strong isospin
dependence of the HMT makes the kinetic symmetry en-
ergy dramatically different from the FFG model predic-
tion using a step function for the nucleon momentum
distribution [31–39]. In particular, the kinetic symmetry
energy is significantly reduced to even negative values in
some model studies. In essence, the symmetry energy
is the energy difference between PNM and SNM in the
parabolic approximation of the ANM EOS. The neutron-
proton interaction dominated SRC increases significantly
the average energy per nucleon in SNM but has little ef-
fect on that in PNM, thus leading to a reduction of the
kinetic symmetry energy. This expectation has been con-
firmed so far only within non-relativistic approaches. It
would be interesting to study effects of the HMT on both
the kinetic and potential parts of the Esym(ρ) within a
relativistic model.
The knowledge on each individual term of the Esym(ρ)
is useful in both nuclear physics and astrophysics. For in-
stance, in simulating heavy-ion reactions using transport
models one needs as an input the potential symmetry en-
ergy of quasi-nucleons. Its magnitude is limited by the to-
tal symmetry energy at ρ0 known to be around 31.6±2.66
MeV [40] and the kinetic symmetry energy normally as-
sumed to be that predicted by the FFG model. Several
recent studies have shown that using a SRC-reduced ki-
netic symmetry energy in transport model simulations
can lead to significant effects on isovector observables
of heavy-ion collisions [38, 41–43]. Interestingly, it was
also found recently that the critical densities and effects
of the formation of different charge states of ∆(1232)
resonances in neutron stars depend on how the kinetic
and potential parts of the Esym(ρ) individually evolve
as functions of density [44, 45]. Namely, in determining
the critical formation densities for ∆(1232) resonances
in neutron stars using chemical equilibrium conditions,
the kinetic and potential parts of the nucleon symmetry
energy play different roles [44]. Basically, the ∆(1232)
resonances obtain a potential symmetry energy due to
the τ3(∆) · τ3(N) term in their interactions with nucleons
where the τ3(∆) and τ3(N) are the third component of
the isospin of ∆ resonances and nucleons. However, the
population of ∆ resonances is so low especially near their
production thresholds that they do not built their own
Fermi spheres and thus they do not have a kinetic sym-
metry energy. Depending on the relative strengths of the
NNρ and ∆∆ρ coupling constants gρN and gρ∆, the po-
tential symmetry energies of the ∆ resonances and nucle-
ons may completely cancel out but the kinetic symmetry
energy of nucleons remains in the equations determining
the critical formation densities of the four charge states
of ∆ resonances [44].
In this work, within a nonlinear relativistic mean field
(RMF) model incorporating the SRC-modified single-
nucleon momentum distribution with its parameters de-
termined by electron-nucleus scattering experiments and
calculations using state-of-the-art many-body theories,
we study the EOS of ANM especially the Esym(ρ). Sev-
eral interesting effects are found. In particular, compar-
ing the RMF calculations with and without the HMT us-
ing two sets of model parameters both reproducing iden-
tically all empirically constraints on the EOS of SNM and
the symmetry energy of ANM at ρ0, the SRC-modified
nucleon momentum distribution leads to a negative ki-
netic symmetry energy and the total symmetry energy
is softened at both sub-saturation and supra-saturation
densities. Moreover, only with the SRC-modified nucleon
momentum distribution, the recently extracted average
kinetic energy per nucleon from electron-nucleus scatter-
ing experiments can be reproduced, providing a strong
support for the existence of HMT in nuclei. Further-
more, the HMT also enhance the maximum mass of neu-
tron stars by increasing the kinetic pressure of SNM at
supra-saturation densities.
The paper is organized as follows, in Section II,
the SRC-modified single-nucleon momentum distribution
with a HMT and the basic equations of the nonlinear
RMF model are outlined. In Section III, we evaluate the
kinetic symmetry energy with the SRC-modified single
nucleon momentum distribution. Effects on the EOS of
SNM and the validation of the HMT are presented in
Section IV. In Section V, effects of the HMT on the nu-
cleon scalar density and Dirac effective mass are studied.
Then in Section VI we examine effects of the HMT on
3the density dependence of the total symmetry energy. In
Section VII, the effects of the HMT on the EOS of neu-
tron star matter as well as the mass-radius relation of
neutron stars will be explored. Finally, we summarize
in Section VIII. Detailed derivations for the analytical
expressions of the kinetic symmetry energy, incompress-
ibility coefficient K0 of SNM and the slope parameter L
of the symmetry energy within the RMF with HMT are
given in the three Appendixes.
II. A RELATIVISTIC MEAN FIELD MODEL
INCORPORATING THE SRC-MODIFIED
NUCLEON MOMENTUM DISTRIBUTION
In this section, we first summarize the main features
and give all parameters of the SRC-modified single-
nucleon momentum distribution. Then we discuss how
the relevant formalisms of the nonlinear RMF model are
generalized by replacing the previously used step function
for the nucleon momentum distribution with the SRC-
modified one including a high-momentum tail. We notice
that tensor forces have no effect at the mean-field level.
The SRC-modified momentum distribution can not be
obtained self-consistently within the RMF model itself.
A. The SRC-Modified Nucleon Momentum
Distribution Function
Here we briefly describe the SRC-modified single-
nucleon momentum distribution function encapsulating
a high momentum tail used in the present work. More
details can be found in ref. [39]. The single-nucleon mo-
mentum distribution function in ANM has the following
form,
nJ
k
(ρ, δ) =


∆J + βJI
(|k|/kJF) , 0 < |k| < kJF,
CJ
(
kJF/|k|
)4
, kJF < |k| < φJkJF.
(1)
Here, J = n,p is the isospin index, kJF = kF(1 + τ
J
3 δ)
1/3
is the Fermi momentum where kF = (3π
2ρ/2)1/3 and
τn3 = +1, τ
p
3 = −1. It is worth emphasizing that the
above form of nucleon momentum distribution function
is consistent with the well-known predictions of micro-
scopic nuclear many-body theories [21–24] and the recent
experimental findings [25–29].
In (1), the ∆J measures the depletion of the Fermi
sphere at zero momentum with respect to the FFG model
while βJ is the strength of the momentum dependence
I(k/kJF) of the depletion near the Fermi surface. Owing
to the small effects of βJ on the energy per nucleon [39],
we assume βJ = 0 in this work. The sketch of n
J
k
(ρ, δ) is
shown in Fig. 1. The isospin structure of the parameters
∆J , CJ and φJ is found to be YJ = Y0(1 + Y1τ
J
3 δ) [39].
The amplitude CJ and high-momentum cutoff coefficient
nJk
1
∆J
0 kJF
|k|
Free Fermi Gas
φJkJF
∼ |k|−4
FIG. 1: A sketch of the single-nucleon momentum distribution
with a high momentum tail used in this work. Taken from
ref. [39].
φJ determine the fraction of nucleons in the HMT via
xHMTJ = 3CJ
(
1− φ−1J
)
. (2)
The normalization condition [2/(2π)3]
∫∞
0 n
J
k
(ρ, δ)dk =
ρJ = (k
J
F)
3/3π2 requires that only two of the three pa-
rameters, i.e., CJ , φJ and ∆J , are independent. Here we
choose the first two as independent and determine the
∆J by
∆J = 1− 3CJ (1− φ−1J ). (3)
The C/|k|4 shape of the HMT both for SNM and
pure neutron matter (PNM) is strongly supported by
several recent studies both theoretically and experimen-
tally. Combining the results from analyzing cross sec-
tions of d(e, e′p) reactions [28] and medium-energy pho-
tonuclear absorptions [25], the C0 was found to be C0 ≈
0.161 ± 0.015. With this C0 and the value of xHMTSNM =
28%± 4% [27, 28, 38] obtained from systematic analyses
of inclusive (e,e′) reactions and data from exclusive two-
nucleon knockout reactions, the HMT cutoff parameter
in SNM is determined to be φ0 = (1 − xHMTSNM /3C0)−1 =
2.38 ± 0.56 [39]. The value of CPNMn = C0(1 + C1)
was extracted by applying the adiabatic sweep theo-
rem [51] to the EOS of PNM constrained by predictions
of microscopic nuclear many-body theories [46–50] and
the EOS of cold atoms under unitary condition [51, 52].
More specifically, CPNMn ≈ 0.12 and C1 = −0.25 ± 0.07
were obtained [39]. By inserting the values of xHMTPNM =
1.5% ± 0.5% [27, 28, 38] extracted in the same way as
the xHMTSNM and C
PNM
n into Eq. (2), the high momentum
cutoff parameter for PNM was determined to be φPNMn ≡
φ0(1 + φ1) = (1 − xHMTPNM/3CPNMn )−1 = 1.04 ± 0.02 [39].
Consequently, φ1 = −0.56 ± 0.10 [39] was obtained by
using the φ0 determined earlier.
B. Basic Equations in the Nonlinear Relativistic
Mean Field Model Incorporating the SRC-Modified
Single Nucleon Momentum Distribution
The nonlinear RMF model has been very successful in
describing many nuclear phenomena, see, e.g., refs. [53–
457]. In the following, we outline major ingredients of the
nonlinear RMF model we use in this work. The emphasis
is on describing where and how the SRC-modified nucleon
momentum distribution is used to replace the FFG step
function traditionally used in all RMF models.
The interacting Lagrangian of the nonlinear RMF
model supplemented with couplings between the isoscalar
and the isovector mesons reads [58–67]
L =ψ [γµ(i∂µ − gωωµ − gρ~ρµ · ~τ )− (M − gσσ)]ψ
− 1
2
m2σσ
2 +
1
2
∂µσ∂
µσ − U(σ)
+
1
2
m2ωωµω
µ − 1
4
ωµνω
µν +
1
4
cω (gωωµω
µ)
2
+
1
2
m2ρ~ρµ · ~ρµ −
1
4
~ρµν · ~ρµν
+
1
2
g2ρ~ρµ · ~ρµΛVg2ωωµωµ, (4)
where ωµν ≡ ∂µων − ∂νωµ and ~ρµν ≡ ∂µ~ρν − ∂ν~ρµ are
strength tensors for ω field and ρ field, respectively. ψ, σ,
ωµ, ~ρµ are nucleon field, isoscalar-scalar field, isoscalar-
vector field and isovector-vector field, respectively, and
the arrows denote the vector in isospin space, U(σ) =
bσM(gσσ)
3/3+cσ(gσσ)
4/4 is the self interaction term for
σ field. ΛV represents the coupling constant between the
isovector ρ meson and the isoscalar ω meson. In addition,
M = 939MeV is the nucleon mass and mσ, mω, mρ are
masses of mesons.
In the mean field approximation, after neglecting ef-
fects of fluctuation and correlation, meson fields are re-
placed by their expectation values, i.e., σ → σ, ω0 → ωµ,
ρ
(3)
0 → ~ρµ, where subscript “0” indicates zeroth compo-
nent of the four-vector, superscript “(3)” indicates third
component of the isospin. Furthermore, we also use in
this work the non-sea approximation which neglects the
effect due to negative energy states in the Dirac sea. The
mean field equations are then expressed as
m2σσ =gσ
[
ρS − bσM (gσσ)2 − cσ (gσσ)3
]
, (5)
m2ωω0 =gω
[
ρ− cω (gωω0)3 − ΛVgωω0
(
gρρ
(3)
0
)2]
, (6)
m2ρρ
(3)
0 =gρ
[
ρp − ρn − ΛVgρρ(3)0 (gωω0)2
]
, (7)
where ρ = 〈ψγ0ψ〉 = ρn+ρp and ρS = 〈ψψ〉 = ρS,n+ρS,p
are the baryon density and scalar density, respectively,
with the latter given by
ρS,J =
2
(2π)3
∫ φJkJF
0
nJkdk
M∗J√
|k|2 +M∗J2
=
2
(2π)3
∫ kJ
F
0
∆Jdk
M∗J√
|k|2 +M∗J 2
+
2
(2π)3
∫ φJkJF
kJ
F
CJ
(
kF
|k|
)4
dk
M∗J√
|k|2 +M∗J 2
. (8)
The change introduced by the SRC-modified nucleon mo-
mentum distribution is in the following replacement
∫ kJ
F
0
(FFG step function)fdk −→
∫ φJkJF
0
nJk (HMT)fdk
(9)
with f being any quantity. In the following, we often use
the “HMTmodel” in this work as the abbreviation for the
nonlinear RMF model using the SRC-modified nucleon
momentum distribution, while the “FFG model” refers
to the original nonlinear RMF model using the FFG step
function for the single-nucleon momentum distribution.
The Fermi energy of nucleon J is EJ∗F = (k
J,2
F +M
∗,2
J )
1/2
where M∗J is the nucleon Dirac mass defined as
M∗J ≡M − gσσ. (10)
The energy-momentum density tensor for the interact-
ing Lagrangian density in Eq. (4) can be written as
T µν =ψiγµ∂νψ + ∂µσ∂νσ
− ωµη∂νωη − ~ρµη∂ν~ρη − Lgµν , (11)
where gµν = (+,−,−,−) is the Minkowski metric. In the
mean field approximation, the mean value of time (zero)
component of the energy-momentum density tensor is the
energy density of the nuclear matter system, i.e.,
ε =〈T 00〉
=εkinn + ε
kin
p +
1
2
[
m2σσ
2 +m2ωω
2
0 +m
2
ρ
(
ρ
(3)
0
)2]
+
1
3
bσ(gσσ)
3 +
1
4
cσ(gσσ)
4 +
3
4
cω(gωω0)
4
+
3
2
(
gρρ
(3)
0
)2
ΛV(gωω0)
2, (12)
where
εkinJ =
2
(2π)3
∫ kJ
F
0
∆Jdk
√
|k|2 +M∗2J
+
2
(2π)3
∫ φJkJF
kJ
F
CJ
(
kJF
|k|
)4
dk
√
|k|2 +M∗2J (13)
is the kinetic part of the energy density. Similarly,
the mean value of space components of the energy-
momentum density tensor corresponds to the pressure
of the system, i.e.,
P =
1
3
3∑
j=1
〈T jj〉
=P nkin + P
p
kin −
1
2
[
m2σσ
2 −m2ωω20 −m2ρ
(
ρ
(3)
0
)2]
− 1
3
bσ(gσσ)
3 − 1
4
cσ(gσσ)
4 +
1
4
cω(gωω0)
4
+
1
2
(
gρρ
(3)
0
)2
ΛV(gωω0)
2, (14)
5where the kinetic part of pressure is given by
P Jkin =
1
3π2
∫ kJ
F
0
∆Jdk
k4√
k2 +M∗J
2
+
1
3π2
∫ φJkJF
kJ
F
CJ
(
kJF
k
)4
dk
k4√
k2 +M∗J
2
. (15)
For completeness, in the following we recall the defini-
tions of several physics quantities characterizing the EOS
of SNM and the density dependence of nuclear symmetry
energy around ρ0. Expressions of these quantities in the
presence of the HMT are given in the appendixes. These
expressions can be used readily to fix the RMF model
parameters by reproducing the empirical values of these
quantities at ρ0. First of all, the EOS of ANM can be
calculated through the energy density ε(ρ, δ) by
E(ρ, δ) =
ε(ρ, δ)
ρ
−M. (16)
One important relation holds between the pressure and
the energy density,
P = ρ2
∂(ε(ρ, δ)/ρ)
∂ρ
, (17)
and in Appendix C, we will prove this relation in SNM.
The function E(ρ, δ) can be expanded as a power series
of even-order terms in δ as
E(ρ, δ) ≃ E0(ρ) + Esym(ρ)δ2 +O(δ4), (18)
where E0(ρ) = E(ρ, δ = 0) is the EOS of SNM, and the
symmetry energy is expressed as
Esym(ρ) =
1
2
∂2E(ρ, δ)
∂δ2
∣∣∣∣
δ=0
. (19)
Around the saturation density ρ0, the E0(ρ) can be ex-
panded, e.g., up to 2nd-order in density, as,
E0(ρ) = E0(ρ0) +
1
2
K0χ
2 +O(χ3), (20)
where χ = (ρ−ρ0)/3ρ0 is a dimensionless variable charac-
terizing the deviations of the density from the saturation
density ρ0. The first term E0(ρ0) on the right-hand-side
of Eq. (20) is the binding energy per nucleon in SNM at
ρ0 and,
K0 = 9ρ
2
0
d2E0(ρ)
dρ2
∣∣∣∣
ρ=ρ0
(21)
is the incompressibility coefficient of SNM. Similarly, one
can expand the Esym(ρ) around the normal density as
Esym(ρ) = Esym(ρ0) + Lχ+O(χ2), (22)
with the slope parameter L of the symmetry energy de-
fined by
L ≡ 3ρ0 dEsym(ρ)
dρ
∣∣∣∣
ρ=ρ0
. (23)
It is necessary to point out here an inconsistency of
our approach. Since the phenomenological nJ
k
in Eq. (1)
has no direct relation to the interacting Lagrangian (4),
although it is constrained by recent experimental and mi-
croscopic theoretical studies, our results may have some
deviations from those using the nJ
k
obtained in models
going beyond the mean field approximation by solving
the equation of ψ in the presence of interactions between
nucleons and mesons expressed in the Lagrangian (4) self-
consistently. In fact, this inconsistency exists in almost
all phenomenonlogical mean-field models. Ideally, one
should first reproduce quantitatively the experimentally
constrained nJ
k
by adjusting parameters in the model La-
grangian. Unfortunately, as shown by the strong model
dependence in predicting the nJ
k
using various models and
interactions, our poor knowledge on the isospin depen-
dence of short-range nucleon-nucleon interactions, such
as the couplings gρ and ΛV in (4), still hinders repro-
ducing quantitatively the experimentally constrained nJ
k
.
Thus, our hybrid approach using directly the phenomeno-
logical nJ
k
constrained by experiments can give us some
useful perspectives on the effects of the HMT on the EOS
of ANM.
III. THE KINETIC SYMMETRY ENERGY
WITH HIGH MOMENTUM NUCLEONS
As shown in detail in Appendix A, the kinetic sym-
metry energy Ekinsym(ρ) in the RMF model with the HMT
can be written as
6Ekinsym(HMT) =
k2F
6E∗F
[
1− 3C0
(
1− 1
φ0
)]
− 3E∗FC0
[
C1
(
1− 1
φ0
)
+
φ1
φ0
]
− 9M
∗,4
0
8k3F
C0φ1(C1 − φ1)
φ0

2kF
M∗0
((
kF
M∗0
)2
+ 1
)3/2
− kF
M∗0
((
kF
M∗0
)2
+ 1
)1/2
− arcsinh
(
kF
M∗0
)
+
2kFC0(6C1 + 1)
3

arcsinh(φ0kF
M∗0
)
−
√
1 +
(
M∗0
φ0kF
)2
−arcsinh
(
kF
M∗0
)
+
√
1 +
(
M∗0
kF
)2
+
3kFC0
2
[
(1 + 3φ1)
2
9
(
φ0kF
F ∗F
− 2F
∗
F
φ0kF
)
+
2F ∗F(3φ1 − 1)
9φ0kF
− 1
9
kF
E∗F
+
4E∗F
9kF
]
+
C0(4 + 3C1)
3
[
F ∗F(1 + 3φ1)
φ0
− E∗F
]
, (24)
where
E∗F = (M
∗,2
0 +k
2
F)
1/2and F ∗F = (M
∗,2
0 +(φ0kF)
2)1/2. (25)
In the FFG limit, φ0 = 1, φ1 = 0, only the first term
of the above expression survives and leads to Ekinsym(ρ)→
Ekinsym(FFG) ≡ k2F/6E∗F as in traditional RMF models.
The kinetic symmetry energy in the presence of HMT
is a function only of the Dirac effective mass M∗0 . Us-
ing the values of C0, C1, φ0 and φ1 given in the last sec-
tion, we show in Fig. 2 the kinetic symmetry energy as
a function of M∗0 at ρ0 = 0.16 fm
−3 for both the FFG
and HMT models. In the whole range of M∗0 consid-
ered as reasonable, the kinetic symmetry energy at ρ0 in
the HMT model is always negative. For example, with
0.4 0.5 0.6 0.7 0.8 0.9 1.0
-50
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FIG. 2: (Color Online) The kinetic symmetry energy as a
function of Dirac effective mass of nucleon in SNM both in
the FFG model and in the HMT model, ρ0 = 0.16 fm
−3.
M∗0 /M = 0.6 the kinetic symmetry energy is
Ekinsym(ρ0) = −16.94± 13.66MeV (26)
where the errors are all from the uncertainties of
C0, C1, φ0 and φ1. This value is close to the non-
relativistic result of Ekinsym(ρ0) = −13.90± 11.54MeV ac-
cording to the expression [39]
Ekinsym(ρ) = k
2
F/6M · [1 + C0(1 + 3C1)(5φ0 + 3/φ0 − 8)
+3C0φ1(1 + 3C1/5)(5φ0 − 3/φ0) + 27C0φ21/5φ0]. (27)
Thus, the reduction of the kinetic symmetry energy in
the presence of HMT is general in both relativistic and
non-relativistic calculations [38, 39]. Moreover, this re-
sult is also consistent with the findings of several recent
studies of the kinetic EOS considering the SRC using
both phenomenological models and microscopic many-
body theories [31–37].
IV. VALIDATION OF SRC-MODIFIED
SINGLE-NUCLEON MOMENTUM
DISTRIBUTION AND ITS EFFECTS ON THE
EOS OF SYMMETRIC NUCLEAR MATTER
First of all, it is necessary to point out that since we
fixed the parameters of the nucleon momentum distribu-
tion by using experimental data and/or model calcula-
tions at the saturation density, the possible density de-
pendence of those parameters, i.e., C0, C1, φ0 and φ1 is
not explored in this work as well as in ref. [39]. The
density dependence of the various terms in the kinetic
EOS is thus only due to that of the meson fields and
the Fermi momenta. In this section, all analytical ex-
pressions are obtained under this assumption. The nu-
merical results are obtained by setting φ0 = 2.38, φ1 =
−0.56, C0 = 0.161 and C1 = −0.25. In both the HMT
and FFG models, the masses of meson fields are chosen as
mσ = 500MeV, mω = 782.5MeV, and mρ = 763MeV.
To determine the EOS and total symmetry energy
with the SRC-modified single-nucleon momentum distri-
bution, we need to readjust the RMF model parameters
to reproduce all known empirical properties of SNM and
7Table I: Coupling constants used in the two RMF models
(right side) and some empirical properties of asymmetric nu-
cleonic matter used to fix them (left side).
Quantity this work Coupling FFG HMT
ρ0 (fm
−3) 0.15 gσ 10.9310 10.8626
E0(ρ0) (MeV) −16.0 gω 14.5947 12.9185
M∗0 /M 0.6 bσ 0.0007473 0.002119
K0 (MeV) 230.0 cσ 0.003882 −0.0005139
Esym(ρ0) (MeV) 31.6 gρ 5.9163 7.8712
L (MeV) 58.9 ΛV 0.2736 0.03740
ANM. Thus, analytical expressions for quantities char-
acterizing these properties are necessary. Combining the
results derived in detail in the Appendixes, we have ex-
pressions for four such quantities for SNM, i.e., the Dirac
effective mass M∗0 ; the binding energy of SNM obtained
through E0(ρ) = ε0(ρ)/ρ − M with ε0 given by (C3)
together with (C8) and (C10); the pressure P0 of SNM
(C25) and the incompressibility coefficient K0 of SNM
(C30). For ANM, we also need expressions for the total
symmetry energy Esym(ρ) and its slope L. While the ki-
netic symmetry energy Ekinsym(ρ) is already given by (24),
the potential symmetry energy Epotsym(ρ) can be written
as [66, 67]
Epotsym(ρ) =
g2ρρ
2Qρ
with Qρ = m
2
ρ + ΛVg
2
ρg
2
ωω
2
0. (28)
Correspondingly, the slope parameter L of the total sym-
metry energy also has two parts, i.e., (B15) with the ki-
netic part Lkin given by (B11) and the potential part
Lpot by (B13). The total number of the analytical ex-
pressions is now six while there are seven coupling con-
stants in the Lagrangian density (4). We are thus still
free to choose one of the seven coupling constants, and
in this work we fix the value of cω = 0.01 which is
the same as that in the FSUGold parametrization [65].
In this way, given the values of M∗0 , E0(ρ0), ρ0, K0,
Esym(ρ0) and L, we can uniquely determine the other
six coupling constants. Listed in Table I are the coupling
constants in both the FFG and HMT models obtained
from reproducing the same values of the listed empirical
properties of ANM. The value of K0 = 230 ± 20MeV
was determined from analyzing nuclear giant resonances
(GMR) [68–72]. For the Esym(ρ0) and L, all existing con-
straints extracted so far from both terrestrial laboratory
measurements and astrophysical observations are found
to be essentially consistent with the 2013 global aver-
ages of Esym(ρ0) = 31.6 ± 2.66 MeV and L = 58.9 ± 16
MeV [40]. We notice that the values of the two isovector
parameters gρ and ΛV are significantly different in the
HMT and FFG models.
To evaluate the HMT and FFG models, we show in
the left panel of Fig. 3 the binding energy and pres-
sure of SNM as functions of density. It is interesting
to see that the HMT model predicts a harder EOS for
0.0 0.2 0.4 0.6 0.8 1.0
-50
0
50
100
150
200
250
300
2.0 2.5 3.0 3.5 4.0 4.5 5.0
10
100
 (fm-3)
solid:E0( ) (MeV) 
dash:P0( ) (MeV.fm
-3) 
HMT
FFG
P0( ) (MeV.fm
-3)
/ 0
 HMT
 FFG
SNMCo
lle
cti
ve
 Fl
ow
 D
ata
FIG. 3: (Color Online) Left panel: The EOS and pressure
P0 of SNM as functions of density for both the FFG and
HMT models; Right panel: a comparison between the model
pressure P0 of SNM with the experimental constraints from
analyzing nuclear collective flows in heavy ion collisions.
SNM at supra-saturation densities than the FFG model
while by design they both have the same values of M∗0 ,
ρ0, E0(ρ0) and K0. This is simply because of the large
contribution to the kinetic EOS by the high momentum
nucleons in the HMT model. Therefore, the HMT is ex-
pected to affect the high order characteristic coefficients
of the SNM at ρ0 compared to calculations with the FFG.
More quantitatively, the third-order Taylor expansion co-
efficient of the EOS of SNM around ρ0, i.e., the skew-
ness of the SNM Q0 ≡ 27ρ30∂3E0(ρ)/∂ρ3|ρ=ρ0 [73–75] is
changed from QFFG0 ≈ −454MeV in the FFG model to
QFFG0 ≈ −266MeV in the HMT model. Unfortunately,
our current knowledge on the parameterQ0 [74–80] is still
too poor to put a constraint on it. On the other hand,
the pressure of SNM in the density range of about 2ρ0
to 5ρ0 has been experimentally constrained by measuring
nuclear collective flows in heavy-ion collisions [3], which
is shown as a cyan band in the right panel of Fig. 3.
Although the HMT makes skewness of the SNM higher,
it is seen that the pressure of SNM in the presence of
HMT can still pass through the constraints from the col-
lective flow data. Namely, the uncertainty band of the
constraints on the EOS at supra-saturation densities is
too broad to distinguish the HMT and FFG predictions.
Thus, as we shall discuss next, additional experimental
constraints are necessary to distinguish the two models.
In the nonlinear RMF model, the kinetic EOS of SNM
is defined as
Ekin0 (ρ) ≡
1
ρ
2
(2π)3
∫ φ0kF
0
n0k
√
k
2 +M∗,20 dk−M∗0 , (29)
where n0
k
is the momentum distribution of nucleons in
SNM. The HMT and FFG model predictions for the
Ekin0 (ρ) are shown in Fig. 4. Recently, the average kinetic
energy of neutrons and protons in C, Al, Fe and Pb with
error bars as well as 7,8,9Li, 9,10Be and 11B without error
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FIG. 4: (Color Online) The kinetic EOS of SNM defined by
(29). The experimental kinetic energy of neutrons and pro-
tons in C, Al, Fe and Pb with error bars [27] and 7,8,9Li, 9,10Be
and 11B [81] were extracted using the neutron-proton domi-
nance model.
bars were extracted from several electron-nucleus scat-
tering experiments using a neutron-proton dominance
model [27, 81]. We can translate the A-dependence of
the nucleon kinetic energy into its density dependence
through a well-established empirical relationship [82–88]
ρA ≃ ρ0
1 + α/A1/3
(30)
where α reflects the balance between the volume and sur-
face symmetry energies and in our calculation we adopt
α = 2.8 [86] appropriate for the mass range considered.
The black points represent the average kinetic energy per
nucleon for these nuclei, i.e., 〈T 〉 = [〈Tn〉(1+δ)+〈Tp〉(1−
δ)]/2. According to the parabolic approximation for the
EOS of ANM, i.e., EkinANM(ρ) ≃ Ekin0 (ρ) + δ2Ekinsym(ρ),
even for the most neutron-rich nucleus considered 208Pb
with an isospin asymmetry δ2 ≃ 0.045, we still have
EkinANM(ρ) ≃ Ekin0 (ρ). This means that the data in Fig.
4 are approximately equal to the kinetic EOS of SNM
Ekin0 (ρ). It is very interesting to see that the HMT pre-
diction can well reproduce while the FFG prediction falls
about 40% below the data around ρA = 0.1 fm
−3. This
clearly indicates the importance of the HMT in the SRC-
modified single nucleon momentum distribution. It is
well known that mean-field models fail to describe the
spectroscopic factors extracted from electron scatterings
on nuclei from 7Li to 208Pb by about 30-40% due to the
lack of occupations of energetic orbitals in these mod-
els where the short-range correlations are not consid-
ered [89]. The observation here that the FFG model un-
der predicts the average nucleon kinetic energy is due to
the same reason and it misses the data by about the same
magnitude as in describing the spectroscopic factors.
V. NUCLEON SCALAR DENSITY AND DIRAC
EFFECTIVE MASS IN THE RMF MODEL WITH
HIGH MOMENTUM NUCLEONS
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FIG. 5: (Color Online) Scalar density of SNM as a function
of baryon density for both the FFG and HMT models.
As discussed earlier, the kinetic symmetry energy de-
pends on the nucleon Dirac effective mass which is deter-
mined by the scalar baryon density ρS. It is thus interest-
ing to examine explicitly how the SRC-modified nucleon
momentum distribution affects the scalar density and the
Dirac effective mass. As shown in Appendix B, see (B12),
the scalar density ρS can be written as
ρS =
∆0M
∗,3
0
π2
(
θ
√
1 + θ2 − arcsinh θ
)
+
2C0k
4
F
π2M∗0
(√
1 +
1
θ2
−
√
1 +
1
φ20θ
2
)
(31)
with θ = kF/M
∗
0 . At low densities, the θ is small, thus
θ
√
1 + θ2 − arcsinhθ ≈ 2
3
θ3 − 1
5
θ5, (32)
θ4
(√
1 +
1
θ2
−
√
1 +
1
φ20θ
2
)
≈
(
1− 1
φ0
)
θ3 +
1
2
(1 − φ0)θ5. (33)
Keeping only the first term, one has,
ρS −→∆0M
∗,3
0
π2
2
3
θ3 +
2C0M
∗,3
0
π2
(
1− 1
φ0
)
θ3
=
2M∗,30 θ
3
3π2
[
∆0 + 3C0
(
1− 1
φ0
)]
= ρ, (34)
and the next order correction to ρS is
M∗,30 θ
5
π2
[
−1
5
+ C0
(
8
5
− 3
5φ0
− φ0
)]
(35)
9which is negative, leading to ρS < ρ. For the FFG model
(φ0 = 1, φ1 = 0), the value in the bracket of the above
expression is −1/5 while the term C0 (8/5− 3/5φ0 − φ0)
is always negative. At the high density limit ρ → ∞,
the σ field will saturate at the value of σ∞ ≡ σ(ρ =
∞) =M/gσ (for the Dirac effective massM∗0 =M −gσσ
approaches zero in this limit). Correspondingly, we ob-
tain ρ∞S ≡ ρS(ρ = ∞) = M3[(mσ/gσM)2 + bσ + cσ]
according to Eq. (5). More quantitatively, we have
ρ∞S (FFG) ≈ 3.29 fm−3 and ρ∞S (HMT) ≈ 2.99 fm−3.
Thus, the scalar density in the HMT model is always
smaller than that in the FFG model as shown in Fig. 5.
In Fig. 6, the nucleon Dirac effective masses in SNM
in the FFG and HMT models are shown. The two mod-
els are found to give very similar results. This is easy to
understand. On one hand, three points of the effective
mass are fixed, i.e., M∗0 (0)/M = 0, M
∗
0 (ρ0)/M = 0.6 and
M∗0 (∞)/M = 0. On the other hand, through Eq. (B9)
we know that ∂σ/∂ρ > 0. Thus, the M∗0 /M monotoni-
cally decreases in the whole density range and is concave
at large densities. Not surprisingly, meeting all of these
common constraints theM∗0 (ρ)/M in the two models be-
haves very similarly.
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FIG. 6: Nucleon Dirac effective mass in SNM as a function of
density for both the FFG and HMT models.
VI. THE TOTAL SYMMETRY ENERGY IN
THE RMF MODEL WITH HIGH MOMENTUM
NUCLEONS
We now turn to the total symmetry energy Esym(ρ).
Shown in Fig. 7 are the HMT and FFG model predictions
in comparison with results from several recent studies by
others [8, 88, 90]. It is seen from the upper panel that
the HMT softens the Esym(ρ) at sub-saturation densities.
For instance, at densities around 0.04 fm−3, the effect is
about 30% which is larger than the width of the existing
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FIG. 7: (Color Online) The total symmetry energy as a func-
tion of density in the HMT and FFG models in comparison
with constraints from several recent studies [8, 88, 90].
constraint [90]. Interestingly, at supra-saturation densi-
ties as shown in the lower panel, the symmetry energy
is also significantly softened by the HMT. For instance,
the effect is about 25% at densities around 0.5 fm−3.
Thus, the HMT in the nucleon momentum distribution
provides a possible mechanism to soften the symmetry
energy at both low and high densities. Actually in the
original nonlinear RMF model, the high density Esym(ρ)
can not be made arbitrary small because of the structure
of the model itself. In the presence of HMT, however,
mainly owing to the negative kinetic symmetry energy it
is possible that the total Esym(ρ) becomes very soft and
even decreases at high densities as indicated by some data
analyses [91].
Since the HMT and FFG models are designed to have
the same values of symmetry energy Esym(ρ0) and its
slope L, it is useful to use the curvature of the symmetry
10
energy
Ksym ≡
[
9ρ2
∂2Esym(ρ)
∂ρ2
]
ρ0
=
[
3ρ
∂L(ρ)
∂ρ
− 3L(ρ)
]
ρ0
(36)
to measure the HMT effects on the total symmetry en-
ergy. The Ksym is relevant for studying the isospin de-
pendence of the incompressibility of ANM through the
relationship
K(δ) ≈ K0 +Kτδ2 +O(δ4) (37)
where the Kτ is given by [73]
Kτ = Ksym − 6L− Q0L
K0
. (38)
More quantitatively, we obtained the values of KFFGsym ≈
−37MeV and KHMTsym ≈ −274MeV. The corresponding
isospin-coefficients of the incompressibility are KFFGτ ≈
−174MeV and KHMTτ ≈ −470MeV. The latter is in
very good agreement with the best estimate of Kτ =
−550 ± 100 MeV from analyzing many different kinds
of experimental data currently available [72]. Overall,
the HMT is to make the symmetry energy significantly
more concave around the saturation density, leading to
a stronger isospin dependence in the incompressibility of
ANM compared to calculations using the FFG model.
VII. SOME EFFECTS OF HIGH MOMENTUM
NUCLEONS ON PROPERTIES OF NEUTRON
STARS
The SRC-modified single-nucleon momentum distribu-
tion is expected to affect some properties of neutron stars,
see, e.g., ref. [92]. First of all, the softening of the sym-
metry energy is generally expected to reduce the proton
fraction xp = ρp/ρ in neutron stars within the parabolic
approximation of the EOS of ANM. For example, in the
npe matter at β equilibrium, according to the chemical
equilibrium and charge neutrality conditions for reactions
of n→ p+e+νe and p+e→ n+νe, we have µe = µn−µp
where µe = [m
2
e + (k
e
F)
2]1/2 = [m2e + (3π
2ρxe)
2/3]1/2 ≃
(3π2ρxe)
1/3 with xe ≡ ρe/ρ the electron fraction, i.e.,
µe = µn−µp ≈ 4Esym(ρ)δ+O(δ3). Thus, the xp = xe will
be reduced if the symmetry energy Esym(ρ) decreases.
However, we caution that although high order terms in
the EOS of ANM are relatively small, they still have non-
negligible effects on the xp in the RMF models [67]. Ex-
pectations based on the parabolic approximation for the
EOS of ANM may be altered. Moreover, it was sug-
gested recently in ref. [93] that the neutrino emissivity
of the direct URCA process will be reduced by a factor
η = ZpFZ
n
F compared to the FFG model with Z
J
F the dis-
continuity of the single-nucleon momentum distribution
at the Fermi momentum. In the HMT model, the deple-
tion of the Fermi sphere together with the sizable value of
CJ makes the factor η much smaller than unity. However,
effects of nucleons in the HMT not considered in ref. [93]
may enhance the emissivity of neutrinos [92, 94]. Thus,
to our best knowledge, the net effects of the entire single-
nucleon momentum distribution modified by the SRC on
both the critical density for the direct URCA process to
occur and the cooling rate of protoneutron stars are still
unclear. Nevertheless, it is interesting to note that efforts
to clarify the issue are currently underway [95].
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FIG. 8: (Color Online) EOS of neutron star matter. Detailed
descriptions of the compositions of different layers of the neu-
tron stars are explained in the text.
Next, we investigate effects of the HMT on the mass-
radius relation of neutron stars. In constructing the EOS
of various layers in neutron stars for solving the Tolman-
Oppenheimer-Volkoff (TOV) equation, we follow a stan-
dard scheme. Neutron stars are composed of the npe
matter at low densities as described above. For the core
we use the EOS of β-stable and charge neutral npeµ mat-
ter obtained from the nonlinear RMF model described
earlier. When the chemical potential of electron is larger
than the static mass of a muon, reactions e→ µ+νe+νµ,
p + µ→ n + νµ and n→ p + µ+ νµ will also take place.
The latter requires
µn − µp = µµ =
√
m2µ + (3π
2ρxµ)2/3 (39)
besides µn−µp = µe, where mµ = 105.7MeV is the mass
of a muon and xµ ≡ ρµ/ρ is the muon fraction. The inner
crust with densities ranging between ρout = 2.46× 10−4
fm−3 corresponding to the neutron dripline and the core-
crust transition density ρt is the region where some com-
plex and exotic structures—collectively referred to as the
“nuclear pasta” may exist. Because of our poor knowl-
edge about this region we adopt the polytropic EOSs
parameterized in terms of the pressure P as a function of
total energy density ε according to P = a+bε4/3 [96, 97].
The constants a and b are determined by the pressure
and energy density at ρt and ρout [96]. For the outer
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crust [98], we use the BPS EOS for the region with
6.93 × 10−13 fm−3 < ρ < ρout and the FMT EOS for
4.73× 10−15 fm−3 < ρ <6.93× 10−13 fm−3, respectively.
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FIG. 9: (Color Online) Mass-radius of a neutron star obtained
by integrating the TOV equation under the EOS of neutron
star matter in the FFG and HMT models, respectively.
Shown in Fig. 8 are the EOSs of neutron star matter
obtained within the FFG and HMT models. The sim-
ilarity of the two model EOSs indicates that the corre-
sponding mass-radius relations will not be different dra-
matically. In Fig. 9, the corresponding mass-radius re-
lations of neutron stars from the two model are com-
pared. As discussed earlier in Section IV, the skewness
of SNM mainly characterizes the high density behavior
of the EOS of SNM. The SRC induced HMT is to in-
crease the skewness of SNM and thus hardens the EOS
of neutron star matter. On the other hand, the symme-
try energy effect on the mass-radius relation of neutron
stars is relatively smaller in the RMF models [99]. There-
fore, the enhanced skewness Q0 due to the HMT enlarges
the maximum mass of neutron stars as shown in the Fig.
9. Quantitatively, the maximum mass of neutron stars
in the HMT and FFG models are Mmax ≈ 1.87M⊙ and
Mmax ≈ 1.74M⊙, with the corresponding radii being
about 11.21 km and 10.89 km, respectively. The relative
effect on the maximum mass is about 8%. While the
maximum mass is still below the observational data, the
EOS with HMT helps improve the situation.
VIII. SUMMARY AND REMAKS
In summary, within the nonlinear RMF model in-
corporating the SRC-modified single-nucleon momentum
distribution constrained by findings of recent electron-
nucleus scattering experiments, we have studied the EOS
of asymmetric nucleonic matter. In particular, the ki-
netic symmetry energy in the presence of SRC-induced
high momentum nucleons is found to be Ekinsym(ρ0) =
−16.94 ± 13.66MeV consistent with earlier findings in
non-relativistic models. Similar to the findings about
the nucleon spectroscopic factors, the average nucleon
kinetic energy extracted from electron-nucleus scattering
experiments can not be reproduced by traditional RMF
models lacking correlations. Including the SRC-induced
high momentum nucleons in the RMF model, the data
can be well reproduced. Comparing the RMF calcula-
tions with and without the SRC-induced high momentum
nucleons using two sets of model parameters both repro-
ducing identically all empirical properties of SNM and
the symmetry energy of ANM at ρ0, the SRC-modified
single-nucleon momentum distribution is found to make
the EOS of SNM much harder at supra-saturation densi-
ties and the Esym(ρ) more concave around ρ0, leading to
a larger maximum mass of neutron stars and an isospin-
dependent incompressibility of ANM in better agreement
with existing observational/experimental data.
After introducing the SRC-induced high momentum
nucleons, some isovecor parameters of the RMF model
had to be readjusted to reproduce the same empirical
properties of ANM and known experimental constraints.
Ramifications of these changes and the resulting symme-
try energy on experimental observables, such as neutron
skins of heavy nuclei will be studied in the near future.
The SRC and some of its effects in nuclear structures
and reactions are well established both theoretically and
experimentally. While the RMF model has been very
successful in helping us understand many fundamental
physics and explaining various experimental phenomena,
as a mean-field model by design it lacks correlations that
are important and necessary in understanding some other
experimental phenomena. Going beyond the mean-field
level, we take one step forward by replacing the step
function with an experimentally constrained momentum
distribution incorporating the SRC-induced HMT in re-
formulating some aspects of the nonlinear RMF model.
Compared with fully microscopic many-body theories
where effects of the SRC are considered self consistently,
our hybrid approach is relatively simple but transparent
and all relevant physical quantities are given analytically.
While much more work remains to be done, the analyses
and numerical results presented here are instructive for
better understanding effects of the SRC on the EOS of
neutron-rich nucleonic matter which is relevant for both
nuclear physics and astrophysics.
Acknowledgement
We would like to thank William G. Newton and Isaac
Vidan˜a for helpful discussions. This work was supported
in part by the U.S. National Science Foundation un-
der Grant No. PHY-1068022, the U.S. Department of
Energy’s Office of Science under Award Number DE-
SC0013702 and the National Natural Science Foundation
of China under grant no. 11320101004.
12
Appendix A: The Derivation of Ekinsym(ρ)
We start from the kinetic energy density of (13)
εkinJ =
∆J
π2
∫ kJ
0
k2
√
k2 +m2Jdk
+
CJk
4
J
π2
∫ φJkJ
kJ
1
k2
√
k2 +m2Jdk. (A1)
Using the abbreviations of mJ ≡ M∗J , kJ = kJF, ξ =
k/mJ , pJ = φJkJ , the kinetic energy density can be ex-
pressed as
εkinJ =
∆Jm
4
J
π2
∫ kJ/mJ
0
ξ2
√
1 + ξ2dξ
+
CJk
4
J
π2
∫ φJkJ/mJ
kJ/mJ
√
1 + ξ2
ξ2
dξ. (A2)
In order to use the following elementary formula,
d
dx
∫ w(x)
dyz(y) = z(w(x))
dw(x)
dx
, (A3)
we rewrite the kinetic energy density as
εkinJ =
∆Jm
4
J
π2
∫ kJ/mJ
0
ξ2
√
1 + ξ2dξ +
CJk
4
J
π2
[∫ pJ/mJ
0
√
1 + ξ2
ξ2
dξ −
∫ kJ/mJ
0
√
1 + ξ2
ξ2
dξ
]
, (A4)
then its derivative with respect to the isospin asymmetry δ is
εkin
′
J =
4m′J∆Jm
3
J +∆
′
Jm
4
J
π2
·
∫ kJ/mJ
0
ξ2
√
1 + ξ2dξ +
k′J∆Jk
2
JE
∗
J
π2
− m
′
J∆Jk
3
JE
∗
J
π2mJ
+
4k′JCJk
3
J + C
′
Jk
4
J
π2
·
∫ pJ/mJ
kJ/mJ
√
1 + ξ2
ξ2
dξ +
CJk
4
J
π2
·
(
p′JF
∗
J
p2J
− m
′
JF
∗
J
pJmJ
− k
′
JE
∗
J
k2J
+
m′JE
∗
J
kJmJ
)
(A5)
where F ∗J = (p
2
J +m
2
J)
1/2 = (φ2Jk
2
J +m
2
J)
1/2.
The second order derivative of εkinJ with respect to δ can be obtained in a similar way, i.e.,
εkin
′′
J =
1
π2
(
8∆′Jm
′
Jm
3
J + 12m
′2
J∆Jm
2
J + 4m
′′
J∆Jm
3
J +∆
′′
Jm
4
J
) ∫ kJ/mJ
0
ξ2
√
1 + ξ2dξ
+
1
π2mJ
(
m′Jk
′
J∆Jk
2
JE
∗
J +∆
′
Jk
′
Jk
2
JmJE
∗
J − 2∆′Jm′Jk3JE∗J −m′JE∗
′
J ∆Jk
3
J −m′′JE∗J∆Jk3J
)
+
1
π2
(
∆′Jk
′
Jk
2
JE
∗
J + 2k
′2
J ∆JkJE
∗
J + k
′
JE
∗′
J ∆Jk
2
J + k
′′
J∆Jk
2
JE
∗
J
)
− 3m
′2
J∆Jk
3
JE
∗
J
π2m2J
+
1
π2
(
8C′Jk
′
Jk
3
J + 12k
′2
J CJk
2
J + 4k
′′
JCJk
3
J + C
′′
Jk
4
J
) ∫ pJ/mJ
kJ/mJ
√
1 + ξ2
ξ2
dξ
+
8k′JCJk
3
J + 2C
′
Jk
4
J
π2
·
(
p′JF
∗
J
p2J
− m
′
JF
∗
J
pJmJ
− k
′
JE
∗
J
k2J
+
m′JE
∗
J
kJmJ
)
+
CJk
4
J
π2
·
(
F ∗
′
J p
′
J
p2J
+
F ∗J p
′′
J
p2J
− 2F
∗
J p
′2
J
p3J
− F
∗′
J m
′
J
pJmJ
− F
∗
Jm
′′
J
pJmJ
+
F ∗Jm
′
Jp
′
J
p2JmJ
+
F ∗Jm
′2
J
pJm2J
)
− CJk
4
J
π2
·
(
E∗
′
J k
′
J
k2J
+
E∗Jk
′′
J
k2J
− 2E
∗
Jk
′2
J
k3J
− E
∗′
J m
′
J
kJmJ
− E
∗
Jm
′′
J
kJmJ
+
E∗Jm
′
Jk
′
J
k2JmJ
+
E∗Jm
′2
J
kJm2J
)
. (A6)
We introduce the abbreviations f ≡ σ,w ≡ ω0, and a subscript “0” denotes the symmetric case, for example,
f0 ≡ f(δ = 0), f ′0 = ∂f/∂δ|δ=0, etc. The scalar density is a function of mJ , i.e., ρS,J = ρS,J(mJ ), then ρ′S,J = λJm′J
with λJ a certain factor. From the field equation of f , it is easy to find that f
′
0 = 0. This means that we can omit
13
the terms proportional to m′J in the expression of ε
kin′′
J (since the symmetry energy is obtained by taking δ = 0 in
εkin
′′
J ), thus we have (omitting the terms proportional to m
′
J)
εkin
′′
J =
1
π2
(
4m′′J∆Jm
3
J +∆
′′
Jm
4
J
) · ∫ kJ/mJ
0
ξ2
√
1 + ξ2dξ +
1
π2mJ
(
∆′Jk
′
Jk
2
JmJE
∗
J −m′′JE∗J∆Jk3J
)
+
1
π2
(
∆′Jk
′
Jk
2
JE
∗
J + 2k
′2
J ∆JkJE
∗
J + k
′
JE
∗′
J ∆Jk
2
J + k
′′
J∆Jk
2
JE
∗
J
)
+
8k′JCJk
3
J + 2C
′
Jk
4
J
π2
·
(
p′JF
∗
J
p2J
− k
′
JE
∗
J
k2J
)
+
1
π2
(
8C′Jk
′
Jk
3
J + 12k
′2
J CJk
2
J + 4k
′′
JCJk
3
J + C
′′
Jk
4
J
) ∫ pJ/mJ
kJ/mJ
√
1 + ξ2
ξ2
dξ
+
CJk
4
J
π2
·
(
F ∗
′
J p
′
J
p2J
+
F ∗J p
′′
J
p2J
− 2F
∗
J p
′2
J
p3J
− F
∗
Jm
′′
J
pJmJ
)
− CJk
4
J
π2
·
(
E∗
′
J k
′
J
k2J
+
E∗Jk
′′
J
k2J
− 2E
∗
Jk
′2
J
k3J
− E
∗
Jm
′′
J
kJmJ
)
. (A7)
We then deal with the terms proportional to the second derivative of m′′J , i.e.,
Π = m′′J
[
4
mJ
∆Jm
4
J
π2
∫ kJ/mJ
0
ξ2
√
1 + ξ2dξ − ∆Jk
3
JE
∗
J
π2mJ
− CJk
4
J
π2
(
F ∗J
pJmJ
− E
∗
J
kJmJ
)]
. (A8)
Moreover,
V =
∫ kJ/mJ
0
ξ2
√
1 + ξ2dξ =
1
4
x(x2 + 1)3/2 − 1
8
x(x2 + 1)1/2 − 1
8
arcsinhx, (A9)
S =
∫ kJ/mJ
0
ξ2dξ√
1 + ξ2
=
1
2
x(x2 + 1)1/2 − 1
2
arcsinhx, (A10)
with x = kJ/mJ . For k < kJ , we then have
εkin,IJ =
∆Jm
4
J
π2
∫ kJ/mJ
0
ξ2
√
1 + ξ2dξ =
∆Jm
4
JV
π2
, ρIS,J =
∆Jm
3
J
π2
∫ kJ/mJ
0
ξ2dξ√
1 + ξ2
=
∆Jm
3
JS
π2
, (A11)
so
εkin,IJ =
∆Jk
3
JE
∗
J
4π2
+
mJ
4
ρIS,J . (A12)
On the other hand, the high momentum part of the scalar density should be written as
ρIIS,J =
CJk
4
J
π2mJ
∫ pJ/mJ
kJ/mJ
dξ
ξ2
√
1 + ξ2
= −CJk
4
J
π2mJ
(
F ∗J
pJ
− E
∗
J
kJ
)
. (A13)
Then Π should be rewritten as
Π = m′′J
[
4
mJ
(
∆Jk
3
JE
∗
J
4π2
+
mJ
4
ρIS,J
)
− ∆Jk
3
JE
∗
J
π2mJ
+ ρIIS,J
]
= ρS,Jm
′′
J . (A14)
After combining this term with the corresponding potential terms in the energy density, it is found that there exist
no terms proportional to f ′′0 according to the equation of motion of f , thus it is safe to write ε
kin′′
J as (omitting the
terms proportional to m′′J)
εkin
′′
J =
∆′′Jm
4
J
π2
∫ kJ/mJ
0
ξ2
√
1 + ξ2dξ +
1
π2
(
2∆′Jk
′
Jk
2
JE
∗
J + 2k
′2
J ∆JkJE
∗
J + k
′
JE
∗′
J ∆Jk
2
J + k
′′
J∆Jk
2
JE
∗
J
)
+
1
π2
(
8C′Jk
′
Jk
3
J + 12k
′2
J CJk
2
J + 4k
′′
JCJk
3
J
) · ∫ pJ/mJ
kJ/mJ
√
1 + ξ2
ξ2
dξ
+
8k′JCJk
3
J + 2C
′
Jk
4
J
π2
·
(
p′JF
∗
J
p2J
− k
′
JE
∗
J
k2J
)
+
CJk
4
J
π2
·
(
F ∗
′
J p
′
J
p2J
+
F ∗J p
′′
J
p2J
− 2F
∗
J p
′2
J
p3J
)
− CJk
4
J
π2
·
(
E∗
′
J k
′
J
k2J
+
E∗Jk
′′
J
k2J
− 2E
∗
Jk
′2
J
k3J
)
, (A15)
where the terms proportional to C′′J are also omitted for CJ is linear in δ, i.e., C
′′
J = 0.
For
YJ = Y0(1 + Y1τ
J
3 δ) (A16)
with Y = C, φ, we have
Y ′J = Y0Y1τ
J
3 . (A17)
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Thus
∆′J =− 3C′J
(
1− 1
φJ
)
− 3CJφ
′
J
φ2J
−→ −3C0
[
C1
(
1− 1
φ0
)
+
φ1
φ0
]
τJ3 , (A18)
∆′′J =−
6C′Jφ
′
J
φ2J
+
6CJφ
′2
J
φ3J
−→ −6C0φ1
φ0
(C1 − φ1) , (A19)
and
k′J =
1
3
kFτ
J
3 (αδ + · · · ) −→
1
3
kFτ
J
3 , (A20)
k′′J =−
2
9
kF(βδ + · · · ) −→ −2
9
kF, (A21)
p′J =φ
′
JkJ + φJk
′
J −→
(
φ1 +
1
3
)
φ0kFτ
J
3 , (A22)
p′′J =2φ
′
Jk
′
J + φJk
′′
J −→
2
3
φ0kF
(
φ1 − 1
3
)
, (A23)
E∗
′
J =
mJm
′
J + kJk
′
J
E∗J
−→ k
2
F
3E∗F
τJ3 , (A24)
F ∗
′
J =
mJm
′
J + pJp
′
J
F ∗J
−→ φ
2
0k
2
F(1 + 3φ1)
3F ∗F
τJ3 , (A25)
where “−→” means the limit of δ = 0. It is clear that in
the FFG model, φ0 = 1, φ0 = 1, then
∆J −→ 1, ∆′J ,∆′′J −→ 0, (A26)
and
εkin
′′
J =
1
π2
(
2k′2J kJE
∗
J + k
′
JE
∗′
J k
2
J + k
′′
Jk
2
JE
∗
J
)
,
which is expected. Evaluating
∑
J=n,p ε
kin′′
J |δ=0 accord-
ing to (A15) and then dividing it by 2ρ, we shall obtain
(24).
Appendix B: The Derivation of L(ρ)
In order to derive the expressions for L, we should first
obtain an expression for ∂f0/∂ρ, which is related to the
scalar density that can be decomposed into two terms,
i.e.,
ρS =
2∆0
π2
∫ kF
0
k2dkM∗0√
k2 +M∗,20
+
2C0k
4
F
π2
∫ pF
kF
1
k4
k2dkM∗0√
k2 +M∗,20
, (B1)
where M∗0 =M − gσf0. Putting k = ζM∗0 , then
ρS = ρ
I
S + ρ
II
S =
2∆0M
∗,3
0
π2
∫ kF/M∗0
0
ζ2dζ√
1 + ζ2
+
2C0k
4
F
π2M∗0
∫ pF/M∗0
kF/M∗0
dζ
ζ2
√
1 + ζ2
, (B2)
so
∂ρIS
∂ρ
=
6∆0M
∗,2
0
π2
∂M∗0
∂ρ
∫ kF/M∗0
0
ζ2dζ√
1 + ζ2
+
2∆0M
∗,3
0
π2
(kF/M
∗
0 )
2√
1 + (kF/M∗0 )
2
∂
∂ρ
kF
M∗0
=
3
M∗0
∂M∗0
∂ρ
2∆0M
∗,3
0
π2
∫ kF/M∗0
0
ζ2dζ√
1 + ζ2
+
2∆0M
∗,2
0 k
2
F
π2E∗F
∂
∂ρ
kF
M∗0
= −3gσρ
I
S
M∗0
∂f0
∂ρ
+
2∆0M
∗,2
0 k
2
F
π2E∗F
(
π2
2M∗0k
2
F
+
gσkF
M∗,20
∂f0
∂ρ
)
= −3gσρ
I
S
M∗0
∂f0
∂ρ
+
∆0M
∗
0
E∗F
+
3∆0gσρ
E∗F
∂f0
∂ρ
= −3gσ
(
ρIS
M∗0
− ∆0ρ
E∗F
)
∂f0
∂ρ
+
∆0M
∗
0
E∗F
. (B3)
The following two relations are useful in the derivations,
∂kF
∂ρ
=
π2
2k2F
,
∂E∗F
∂ρ
=
π2
2kFE∗F
− gσM
∗
0
E∗F
∂f0
∂ρ
. (B4)
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Similarly,
∂ρIIS
∂ρ
=
2C0
π2
∂
∂ρ
k4F
M∗0
∫ pF/M∗0
kF/M∗0
dζ
ζ2
√
1 + ζ2
+
2C0k
4
F
π2M∗0
∂
∂ρ
∫ pF/M∗0
kF/M∗0
dζ
ζ2
√
1 + ζ2
=
(
4
kF
∂kF
∂ρ
− 1
M∗0
∂M∗0
∂ρ
)
2C0k
4
F
π2M∗0
∫ pF/M∗0
kF/M∗0
dζ
ζ2
√
1 + ζ2
+
2C0k
4
F
π2M∗0
[
M∗,30
p2FF
∗
F
∂
∂ρ
(
pF
M∗0
)
− M
∗,3
0
k2FE
∗
F
(
kF
M∗0
)]
=
4ρIIS
3ρ
+ C0k
2
FM
∗
0
(
φ0
p2FF
∗
F
− 1
k2FEF
)
+ gσ
[
ρIIS
M∗0
+
2C0k
4
F
π2
(
1
pFF ∗F
− 1
kFE∗F
)]
∂f0
∂ρ
. (B5)
Introducing,
Φ = C0k
2
FM
∗
0
(
φ0
p2FF
∗
F
− 1
k2FEF
)
, Ψ =
2C0k
4
F
π2
(
1
pFF ∗F
− 1
kFE∗F
)
, (B6)
then,
∂ρS
∂ρ
=
∂f0
∂ρ
[
gσ
(
ρIIS
M∗0
+Ψ
)
− 3gσ
(
ρIS
M∗0
− ∆0ρ
E∗F
)]
+
∆0M
∗
0
E∗F
+
4ρIIS
3ρ
+Φ. (B7)
According to the equation of motion of f0, we have
m2σ
∂f0
∂ρ
= gσ
∂ρS
∂ρ
− 2bσMg3σf0
∂f0
∂ρ
− 3cσg4σf20
∂f0
∂ρ
. (B8)
Thus we obtain the following expression for ∂f0/∂ρ
∂f0
∂ρ
=
gσ
Rσ
(
∆0M
∗
0
E∗F
+
4ρIIS
3ρ
+Φ
)
, (B9)
with
Rσ = m
2
σ + 3g
2
σ
(
ρIS
M∗0
− ∆0ρ
E∗F
)
+ 2bσMg
3
σf0 + 3cσg
4
σf
2
0 − g2σ
(
ρIIS
M∗0
+Ψ
)
. (B10)
By taking derivatives term by term in the kinetic symmetry energy of (24), we obtain the following kinetic slope
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parameter
Lkin(ρ) =
[
k2F(E
∗,2
F +M
∗,2
0 )
6E∗,3F
+
gσk
2
FM
∗
0 ρ
2E∗,3F
∂f0
∂ρ
] [
1− 3C0
(
1− 1
φ0
)]
− 9ρ
E∗F
(
π2
2kF
− gσM∗0
∂f0
∂ρ
)
C0
[
C1
(
1− 1
φ0
)
+
φ1
φ0
]
− 9C0φ1(C1 − φ1)
4π2kFφ0E∗F
[√
1 + θ2arcsinh θ
(
3M∗,50 π
2
2k2F
+ 4gσkFM
∗,4
0
∂f0
∂ρ
)
+
π2
2k2F
(
2k5F − k3FM∗,20 − 3kFM∗,40
)
− 4gσk2FM∗0E∗,2F
∂f0
∂ρ
]
+
2kFC0(6C1 + 1)
3
[
arcsinh (φ0θ)−
√
1 +
1
φ20θ
2
− arcsinh θ +
√
1 +
1
θ2
]
+ 2kFρC0(6C1 + 1)
(
M∗0π
2
2k2F
+ gσkF
∂f0
∂ρ
)
×

 φ0F ∗FM∗0 +
M∗0
φ20k
3
F
√
1 + 1
φ20θ
2
− 1
M∗,20
√
1 + θ2
− 1
M∗0kFθ
2
√
1 + 1
θ2

 .
+
3kFC0
2
[
(1 + 3φ1)
2
9
(
φ0kF
F ∗F
− 2F
∗
F
φ0kF
)
+
2F ∗F(3φ1 − 1)
9φ0kF
− 1
9
kF
E∗F
+
4E∗F
9kF
]
+
9kFρC0
2
(
M∗0π
2
2k2F
+ gσkF
∂f0
∂ρ
)[
(1 + 3φ1)
2
9
(
φ0
F ∗FM
∗
0
− φ
3
0θ
2
M∗,20 (1 + φ
2
0θ
2)3/2
+
2
φ0k2F
√
1 + φ20θ
2
)
− 2(3φ1 − 1)
9φ0k2F
√
1 + φ20θ
2
− M
∗
0
9E3F
− 4
9k2F
√
1 + θ2
]
+ ρC0(4 + 3C1)
[
π2
2k2F
[
(1 + 3φ1)φ0kF
M∗0
√
1 + φ20θ
2
− kF
M∗0
√
1 + θ2
]
− gσ ∂f
∂ρ 0
[
(1 + 3φ1)
√
1 + φ20θ
2
φ0
− (1 + 3φ1)φ0k
2
F
M∗,20
√
1 + φ20θ
2
−
√
1 + θ2 +
k2F
M∗,20
√
1 + θ2
] ]
, (B11)
where ∂f0/∂ρ is given by (B9) and
ρIS =
∆0M
∗,3
0
π2
(
θ
√
1 + θ2 − arcsinh θ
)
, ρIIS =
2C0k
4
F
π2M∗0
(√
1 +
1
θ2
−
√
1 +
1
φ20θ
2
)
, (B12)
with θ = kF/M
∗
0 . The potential part of the slope parameter of the symmetry energy is given by
Lpot(ρ) = 3ρ
∂Epotsym(ρ)
∂ρ
=
3g2ρρ
2Qρ
− 3g
3
ωg
4
ρΛVw0ρ
2
QωQ2ρ
(B13)
with
Qω = m
2
ω + 3cωg
4
ωw0 (B14)
and Qρ given by (28). The total slope parameter of the symmetry energy is given by
L(ρ) = Lkin(ρ) + Lpot(ρ). (B15)
Appendix C: The Derivation of K0(ρ)
The incompressibility coefficient K0 ≡ K0(ρ) can be
obtained through
K0(ρ) =9ρ
2 ∂
2E0
∂ρ2
= 9
∂P0
∂ρ
− 18P0
ρ
, (C1)
where P0(ρ) is the pressure of SNM. At normal density,
the pressure of SNM is zero, thus only the first term of
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the last expression is relevant for our aim. So we should
first calculate the pressure P0 as a function of density.
Before moving on, we first prove the following relation
P0(ρ) = ρ
2 ∂E0(ρ)
∂ρ
= ρ2
∂(ε0/ρ)
∂ρ
(C2)
by calculating the quantities on both sides and then com-
paring them.
The EOS of SNM is obtained from the energy density
ε0 =2ε
kin
℘,0 +
1
2
m2σf
2
0 +
1
2
m2ωw
2
0 +
1
3
bσMg
3
σf
3
0 +
1
4
cσg
4
σf
4
0 +
3
4
cωg
4
ωw
4
0 , (C3)
with
εkin℘,0 =
2
(2π)3
∫ φ0kF
0
n0k
√
k
2 +M∗,20 dk =
1
π2
[
∆0
∫ kF
0
k2dk
√
k2 +M∗,20 + C0k
4
F
∫ φ0kF
kF
1
k2
√
k2 +M∗,20 dk
]
, (C4)
here ℘ is just a symbol reminding us that εkin,I℘,0 +ε
kin,II
℘,0 = ε
kin
℘,0 = 2
−1εkin0 , where ε
kin
0 is the total kinetic energy density
(including n and p). Similarly, the pressure is
P0 = 2P
kin
℘,0 −
1
2
m2σf
2
0 +
1
2
m2ωw
2
0 −
1
3
bσMg
3
σf
3
0 −
1
4
cσg
4
σf
4
0 +
1
4
cωg
4
ωw
4
0 , (C5)
with
P kin℘,0 =
1
3π2

∆0
∫ kF
0
dk
k4√
k2 +M∗,20
+ C0k
4
F
∫ φ0kF
kF
dk
1√
k2 +M∗,20

 . (C6)
For the ω field, we have ∂w0/∂ρ = gω/Qω. The ω part in the energy density has the following relation
ρ2
∂
∂ρ
(
1
2
m2ωw
2
0 +
3
4
cωg
4
ωw
4
0
)
=
1
2
m2ωw
2
0 +
1
4
cωg
4
ωw
4
0 , (C7)
which are just the corresponding terms of the pressure.
The proof for σ field is somewhat more complicated. The first part of the kinetic energy density is given by
εkin,I℘,0 =
∆0M
∗,4
0
π2
∫ kF/M∗0
0
ζ2
√
1 + ζ2dζ =
∆0M
∗,4
0
π2
[
1
4
θ(1 + θ2)3/2 − 1
8
θ
√
1 + θ2 − 1
8
arcsinh θ
]
, (C8)
thus
∂εkin,I℘,0
∂ρ
=
∆0
π2
· 4M∗,30
∂M∗0
∂ρ
∫ kF/M∗0
0
ζ2
√
1 + ζ2dζ +
∆0M
∗,4
0
π2
∂
∂ρ
∫ kF/M∗0
0
ζ2
√
1 + ζ2dζ
=
4εkin,I℘,0
M∗0
∂M∗0
∂ρ
+
∆0M
∗,4
0
π2
· k
2
F
M∗,30
E∗F
M∗,20
(
M∗0
∂kF
∂ρ
− kF ∂M
∗
0
∂ρ
)
=
4εkin,I℘,0
M∗0
∂M∗0
∂ρ
+
∆0k
2
FE
∗
F
π2M∗0
(
M∗0
∂kF
∂ρ
− kF ∂M
∗
0
∂ρ
)
=
(
4εkin,I℘,0
M∗0
∂M∗0
∂ρ
− ∆0k
3
FE
∗
F
π2M∗0
)
∂M∗0
∂ρ
+
∆0k
2
FE
∗
F
π2
∂kF
∂ρ
=
(
4εkin,I℘,0
M∗0
∂M∗0
∂ρ
− ∆0k
3
FE
∗
F
π2M∗0
)
∂M∗0
∂ρ
+
∆0E
∗
F
2
. (C9)
Similarly,
εkin,II℘,0 =
C0k
4
F
π2
∫ pF/M∗0
kF/M∗0
√
1 + ζ2
ζ2
dζ =
C0k
4
F
π2
[
arcsinh(φ0θ)− arcsinh θ −
√
1 +
1
φ20θ
2
+
√
1 +
1
θ2
]
, (C10)
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and
∂εkin,II℘,0
∂ρ
=
C0
π2
· 4k3F
∂kF
∂ρ
∫ pF/M∗0
kF/M∗0
√
1 + ζ2
ζ2
dζ +
C0k
4
F
π2
∂
∂ρ
∫ pF/M∗0
kF/M∗0
√
1 + ζ2
ζ2
dζ
=
[
4εkin,II℘,0
kF
+
C0k
4
F
π2
(
φ0F
∗
F
p2F
− E
∗
F
k2F
)]
∂kF
∂ρ
− C0k
4
F
π2
1
M∗0
(
F ∗F
pF
− E
∗
F
kF
)
∂M∗0
∂ρ
. (C11)
Putting into the expression for εkin,II℘,0 , we have
∂εkin,II℘,0
∂ρ
=
4
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∂kF
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[
arcsinh(φ0θ)− arcsinh θ −
√
1 +
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+
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− C0k
4
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1
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(
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F
kF
)
∂M∗0
∂ρ
. (C12)
Then we have (only the f0 field is considered here)
ρ2
∂
∂ρ
(
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)
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arcsinh θ
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∂kF
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.
The term proportional to ∂f0/∂ρ in ρ
2∂(ε0/ρ)/∂ρ is
Π0 =ρ
(
m2σf0 + bσMg
3
σf
2
0 + cσg
4
σf
3
0
)− 2gσρ
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4εkin,I℘,0
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− E
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F
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, (C13)
where
εkin,I℘,0 =
∆0k
3
FE
∗
F
4π2
+
M∗0 ρ
I
S,℘,0
4
,
4εkin,I℘,0
M∗0
− ∆0k
3
FE
∗
F
π2M∗0
= ρIS,℘,0, (C14)
Similarly, we have
ρIIS,℘,0 = −
C0k
4
F
π2M∗0
(
F ∗F
pF
− E
∗
F
kF
)
, (C15)
thus
Π0 =ρ
(
m2σf0 + bσMg
3
σf
2
0 + cσg
4
σf
3
0
)− 2gσρIS,℘,0 − 2gσρIIS,℘,0 = ρ [(m2σf0 + bσMg3σf20 + cσg4σf30 )− gσρS] , (C16)
where ρS = 2(ρ
I
S,℘,0 + ρ
II
S,℘,0) is the total scalar density, the above equation equals to zero according to the equation
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of motion of f0. Thus
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. (C17)
The expression for pressure is easy to obtain,
P kin,I℘,0 =
∆0M
∗,4
0
3π2
∫ kF/M∗0
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ζ4dζ√
1 + ζ2
=
∆0M
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0
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4
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√
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√
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3
8
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, (C18)
P kin,II℘,0 =
C0k
4
F
3π2
∫ pF/M∗0
kF/M∗0
dζ√
1 + ζ2
=
C0k
4
F
3π2
[arcsinh(φ0θ)− arcsinh θ] , (C19)
thus
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]
+
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It is obvious that the first line of (C17) and that of (C20) are the same. Terms proportional to ∆0 in (C17) are
∆0ρE
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8
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8
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3
8
arcsinh θ
]
, (C21)
this is the corresponding term in the pressure proportional to ∆0. Similarly, the remaining terms in (C17) are
2ρ
∂kF
∂ρ
[
4εkin,II℘,0
kF
+
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4
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√
1 +
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. (C22)
and (i.e., the third line of (C17))
−2C0k
4
F
3π2
· 3
(
arcsinh(φ0θ)− arcsinh θ −
√
1 +
1
φ20θ
2
+
√
1 +
1
θ2
)
, (C23)
combining (C22) and (C23), we obtain the following expression proportional to C0 in (C17),
2C0k
4
F
3π2
[arcsinh(φ0θ)− arcsinh θ], (C24)
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which is exactly the same as the last line of (C20). Thus we have proved the relation (C2).
The expression for pressure including w0 field then reads
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The contribution to K0 from w0 field is
9
∂
∂ρ
(
1
2
m2ωw
2
0 +
1
4
cωg
4
ωw
4
0
)
=
9ρg2ω
Qω
. (C26)
For the f0 field, we have
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where
W (θ) =
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√
1 + θ2 − 3
8
θ
√
1 + θ2 +
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8
arcsinh θ, V (θ) = arcsinh(φ0θ)− arcsinh θ. (C28)
The corresponding contribution to the K0 of f0 field is
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Combining the above results, we finally obtain the expression for K0(ρ) as
K0(ρ) =− 9∂f0
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, (C30)
with ∂f0/∂ρ given by (B9) and P0 by (C25).
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